The membrane permeability coefficient of a solute can be estimated using the solubility−diffusion model. This model requires the diffusivity profile (D(z)) of the solute as it moves along the transmembrane axis, z. The generalized Langevin equation provides one strategy for calculating position-dependent diffusivity from straightforward molecular dynamics simulations where the solute is restrained to a series of positions on the z-coordinate by a harmonic potential. The diffusivity of the solute is calculated from its correlation functions, which are related to the friction experienced by the solute. Roux and Hummer have derived expressions for the diffusion coefficient from the velocity autocorrelation function (VACF) and position autocorrelation function (PACF), respectively. In this work, these methods are validated by calculating the diffusivity of H 2 O and O 2 in homogeneous liquids. These methods are then used to calculate transmembrane diffusivity profiles. The VACF method is less sensitive to thermostat forces and has incrementally lower errors but is more sensitive to the spring constant of the harmonic restraint. For the permeation of a solute through a lipid bilayer, the diffusion coefficients calculated using these methods provided significantly different results. Long-lived correlations of the restrained solute due to inhomogeneities in the bilayer can result in spuriously low diffusivity when using the PACF method. The method based on the VACF does not have this issue and predicts higher rates of diffusion inside the bilayer.
■ INTRODUCTION
The rate of diffusion of a solute is fundamental to biochemical transport processes such as protein−ligand binding 1,2 and membrane permeation. 3, 4 The diffusivity of a solute is particularly significant to the permeation of solutes through lipid bilayer membranes. In the inhomogeneous solubility− diffusion model, 5−9 the permeability of a small-molecule solute can be estimated from the potential of mean force (w(z)) and the diffusion coefficients (D(z)) of the solute as a function of its position along the transmembrane axis (z). In this model, the permeability coefficient (P m ) can be expressed as an integral over an interval of z that spans the bilayer. 
There are several mature methods for calculating w(z) using molecular simulations, 8,10−12 but the calculation of the D(z) profile has received less attention. The Einstein 13 or Kubo 14 relations can be used to calculate the diffusion coefficient of a solute in a homogeneous solution by analysis of a molecular dynamics (MD) trajectory, but these methods have limited applicability for inhomogeneous systems such as a bilayer. In these systems, the variation of the solute diffusivity is large because the frictional environment varies dramatically as the solute moves from bulk water, through the interface, and into the membrane interior.
The fluctuation−dissipation equation provides one method to calculate the diffusion coefficient from the autocorrelation function of the force exerted on a solute constrained at a point along the reaction coordinate.
14 This method requires the imposition of a constraint on the z-position of the solute and the calculation of the force autocorrelation function. This autocorrelation function can be difficult to calculate accurately. More elaborate statistical techniques have also been developed to interpret diffusion coefficients from MD simulations, 15−18 although implementing and applying these methods can be an involved process.
The generalized Langevin equation (GLE) provides straightforward and practical methods for calculating diffusion coefficients. In general terms, if a degree of freedom of a system is restrained using a harmonic potential, its motion can be described by the GLE solution for a harmonic oscillator in a frictional bath. The diffusivity along this coordinate of the solute can then be calculated by analysis of this trajectory. Roux and co-workers developed techniques to calculate these properties from the velocity autocorrelation function (VACF). 19−21 Hummer later derived a simplified expression to calculate D(z) from the position autocorrelation function (PACF). 15 Although the PACF-based method has been used to calculate D(z) in several membrane permeation studies, 22−24 Lee et al. showed that there are some practical issues associated with this method. 8 In this paper, we present a comparison of these GLE-based methods for calculating the diffusivity of small molecule solutes in various liquids and with various simulation conditions. A general, automatic method for the calculation of the diffusion from the VACF is developed. The diffusivity profile of a water molecule across a lipid bilayer is calculated using the PACF and VACF methods.
■ THEORY AND METHODS

GLE Methods for Calculating Diffusion Coefficients.
The basic procedure for calculating a diffusion coefficient using a GLE method is to restrain the position of the solute using a harmonic potential. For the purpose of this paper, we will consider motion along the z-coordinate.
The GLE for the motion of a harmonic oscillator along the z-coordinate takes the form
Here, k is the spring constant of the oscillator, ζ(t) is the dynamic friction kernel (or memory kernel), żis the velocity of the system along the z-coordinate, and R(t) is the random force.
The effect of the balance of the system (i.e., the solution and the bilayer) on the oscillator is introduced through the friction and random force terms. The analytical solutions for the PACF (C z (t)) and VACF (C v (t)) of a harmonic oscillator in a dissipative bath are both oscillatory functions that decay exponentially with time. 25 The rate of decay depends on the friction coefficient of the dissipative forces that the solute experiences from its surroundings. The autocorrelation functions of a harmonically restrained solute in a condensed phase calculated numerically from an MD simulation are generally consistent with this form; for example, Figure 1 shows the PACF and VACF of a harmonically restrained water molecule in liquid hexane calculated from a molecular dynamics simulation. Although these functions are generally oscillatory, the oscillations are not always apparent if the rate of decay is high.
These autocorrelation functions provide a connection between the dynamics of a restrained solute and the friction it experiences from the solvent. Extending the work of Straub and Berne, 26 Roux and co-workers derived an expression for the diffusion coefficient of the solute from the GLE of a harmonic oscillator:
δz is the displacement of the position, z, from its average value. ⟨z 2 ⟩ and ⟨ż2⟩ are the variances of the position and velocity of the oscillator, respectively. Ĉv is the Laplace transform of the velocity autocorrelation function. The diffusion coefficient is the limit of this equation as s → 0, where s is the coefficient of the Laplace transform. This limit cannot be taken directly because of a singularity at s = 0, so the limit must be extrapolated from D(s) in the range where the function is wellbehaved.
Hummer derived a simpler form of this equation that uses the PACF instead of the VACF:
An advantage of this form is that is it not necessary to store the velocity time series, compute a Laplace transform, or perform the extrapolation step; the diffusion coefficient can be calculated in a straightforward way from the variance and PACF alone. The derivation of these expressions from the GLE is presented in Appendix A.
Practical Calculation of Correlation Functions. Both the PACF and VACF methods for calculating the diffusion coefficients require the calculation of a correlation function for the motion of the solute when the solute is restrained to some position along the transmembrane coordinate (z) by a harmonic potential:
where k is the spring constant of the restraint and z 0 is the reference position. The diffusion coefficient can be calculated at different positions along the coordinate by selecting different reference positions for the restraining harmonic potential.
Beginning from an equilibrium configuration for the membrane system, a time series of the z-coordinate of the center of mass of the solute is collected by performing an MD simulation. The simulation must be sufficiently long for the correlation functions to be calculated with high accuracy. This typically requires a simulation that is at least 1 ns in length. These simulations are performed with restraint reference positions at intervals that span the membrane (e.g., z 0 = −40, −39, ..., 0, ..., 39, 40 Å).
The time series of the displacement of the solute, δz, or the velocity along the z-coordinate, z, can be used to calculate the position or velocity autocorrelation functions, respectively. The correlation functions for a time series with regularly spaced intervals can be calculated most directly by a summation over the trajectory:
where δz(t) = z(t) − ⟨z⟩. Because these correlation functions should converge to zero after the relaxation time of the system, it is generally sufficient 
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Article to calculate the correlation function over a short interval (e.g., 0−5 ps). For a particularly long time series, the correlation functions could also be calculated more efficiently using Fourier transforms, 28, 29 so the computational cost for the calculation of the correlation functions will be modest even for long time series.
These GLE-based methods are attractive for calculating transmembrane diffusivity because many biomolecular simulation codes (e.g., NAMD and GROMACS) natively support the imposition of a harmonic restraint such as eq 5 and for the time series generated by this simulation to be saved to disk. This procedure is identical to that used to perform an umbrella sampling simulation to calculate the potential of mean force for the permeation of a solute. In principle, both properties could be calculated from the same data, although in practice there are some issues regarding this method (see below).
Practical Calculation of Diffusion from VACF. Calculation of D(z) using the VACF-based method requires a method to find the limit as s → 0 in eq 3. The limit cannot be taken directly due to a singularity at s = 0. There are two additional singularities in D(s), and the function is only wellbehaved in the interval between them, so the value of D(s = 0) must be extrapolated from the range between the second and third singularities (Figure 2 ). To facilitate routine calculation of D(z) using the VACF method, we developed an algorithm to extrapolate D(z, s = 0) from D(z, s) . The full details of the algorithm are described in Appendix B.
Technical Details of the Simulations. Simulations of Bulk Liquids. MD simulations of the solutes in the homogeneous solvents were performed using NAMD 2.10. 30 The SHAKE algorithm was used to constrain bonds containing hydrogen. 31 Lennard-Jones interactions were truncated at 12 Å using a switching function in the 10−12 Å interval. A Langevin thermostat at 298.15 K with a damping coefficient of 1 ps −1 was used for equilibration. The time series for the calculation of the diffusion coefficients using the GLE-based methods were performed under microcanonical (NVE) conditions. The simulation time step was 2 fs. The electrostatic interactions were calculated using the particle mesh Ewald (PME) method with a 32 × 32 × 32 grid. 32 Diffusion coefficients were calculated from the average of three trajectories. For each simulation, a 1 ns MD simulation was performed under isothermal−isobaric (NpT) conditions to equilibrate the system before a 10 ns production simulation was performed under NVE conditions. To calculate the diffusion coefficient using the GLE-based methods, a harmonic restraint along the z-axis was imposed on the center of mass of the solute with a spring constant of 10 kcal mol
. The force field of Fischer and Lago was used in simulations of O 2 . 33 The CHARMM-modified TIP3P model was used in the simulations involving water. 34, 35 The CHARMM general force field was used to describe the aliphatic solvents. 36 Lipid Bilayer Simulations. The simulation cell contained 64 DPPC lipids arranged in a symmetric bilayer parallel to the XY-plane. The lipids were represented using the CHARMM36 lipid force field. 37 The bilayer was surrounded by a solvent layer containing 4551 TIP3P-model water molecules. The dimensions of the simulation cell were roughly 44 × 44 × 114 Å.
A 40 ns steered MD simulation was performed to generate the initial configurations for the restrained simulations. Over the course of this simulation, a water molecule from solution (z = 40 Å) was pulled along the z-axis to the center of the bilayer (z = 0 Å), while a second water molecule was pulled from the center of the bilayer to the opposing side of the bilayer (z = −40 Å). Configurations were selected at 1 Å separations relative to the center of mass of the bilayer, spanning a −40 to 40 Å interval.
The permeating water molecules were restrained to their reference positions using a harmonic restraint with a 30 kcal mol −1 Å −2 spring constant to ensure the simulations sampled a point close to the reference position (i.e., ⟨z⟩ ≈ z 0 ) given the significant curvature of the underlying PMF. 38 These restrained simulations were equilibrated by performing a 10 ns MD simulation. The time series used to calculate the D(z) profiles were calculated from 2 ns MD simulations in the microcanonical ensemble. To generate distinct starting points for the successive series, the system was equilibrated for 2 ns. The profiles presented in Figure 6 are calculated from the average of these three simulations, symmetrized about the center of the bilayer. The temperature of the system was 315 K. The center of mass of the bilayer was restrained to z = 0 Å using a 5 kcal mol −1 Å −2 spring constant. The unrestrained simulations of the water molecule diffusing at the center of the bilayer were equilibrated by running 1 ns simulations where the permeating water was restrained to the center of the bilayer. A 5 ps microcanonical simulation was initiated from the equilibrated structure. This equilibration and sampling procedure was repeated 2500 times to generate the distribution plotted in Figure 7 .
Numerical Methods. The calculation of the solute diffusivity using the PACF and VACF GLE methods from MD time series has been implemented in our code, ACFCalculator, 39 which is freely available under the GNU public license. This program can read time series files generated from CHARMM, NAMD, and GROMACS as well as generic delimiter-separated files. In the work presented here, the correlation functions were calculated over the 0−4 ps interval by direct summation. No cutoff was used in the numerical integration of the correlation functions.
■ RESULTS AND DISCUSSION
Validation of GLE Methods with Homogeneous Liquids. Benchmark calculations were performed to assess the accuracy of the GLE methods for calculating the diffusivity of solutes in membrane-like environments. The diffusivities of H 2 O and O 2 molecules in bulk liquids of water (TIP3P model), 
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Article pentane, and hexane were calculated using the PACF and VACF GLE methods. For these homogeneous solutions, the diffusivity of the solute can also be calculated by performing a long, unrestrained simulation. The mean square displacement of the solute can be related to the diffusivity using the Einstein relation:
For these homogeneous solutions where there is no position dependence to the diffusivity, the Einstein relation provides independent and rigorous values to compare the GLE methods to. The diffusivities calculated using these three methods are compared in Figure 3 .
Both GLE methods are reasonably effective for calculating the diffusivity of these solutes in both aqueous and paraffinic solutions. Generally, all three methods yield comparable values, although the VACF method is generally in closer agreement with the Einstein relation and has the smallest standard deviation of all three methods; the χ 2 values for the PACF and VACF-calculated diffusion coefficients relative to the average Einstein diffusion coefficient are 10.3 and 2.5 cm 2 /s, respectively.
Effect of Thermostat Friction of Calculated Diffusivity. MD simulations are often performed using stochastic thermostats. For example, a Langevin thermostat can be used to sample the canonical ensemble (NVT) of the system by applying artificial frictional and random forces to the atoms of the system. 40 These forces change the dynamics of the molecules, so transport properties such as diffusion will be affected. 41, 42 To assess the effect of a thermostat on the diffusivities calculated with the GLE methods, the self-diffusion coefficient of TIP3P-model water was calculated from simulations with a Langevin thermostat and friction coefficients in the range commonly used in biomolecular MD simulations (γ = 1−10 ps −1 ). We compare this to the diffusion coefficients calculated from a NVE MD simulation, where no thermostat forces are applied, and from an NVT MD simulation using a Lowe−Andersen thermostat, 43 which is a stochastic thermostat that has a smaller effect on diffusion coefficients. 44, 45 The diffusivity of TIP3P-model water calculated using these methods is presented Figure 4 .
Both the PACF and VACF methods show a decline in the diffusion coefficient as the thermostat frequency is increased. This can be attributed to the damping of the dynamics of the oscillating solute due to the frictional force imposed by the thermostat. The PACF method is more sensitive to this effect; the diffusivity calculated using the PACF method drops to from a value of 5.8 × 10 −4 Å 2 /fs when no thermostat is applied to a value of 2.2 × 10 −4 Å 2 /fs when a thermostat coefficient of γ = 10 ps −1 is used. This decline is similar to the decrease in diffusivity observed when the Einstein relation is used. In comparison, the diffusivity drops to only 4.0 × 10 −4 Å 2 /fs when γ = 10 ps −1 with the VACF method. This difference is due to the application of the Laplace transform in the VACF method, which reduces the influence of the correlation function for large values of t. The thermostat forces have a larger effect on the correlation functions at larger values of t because the dynamics have been damped and randomly perturbed by these forces for a longer period.
Simulations used to calculate the potential of mean force must use a thermostat to sample the correct ensemble for the system they are describing. If the same simulations are to be used to calculate D(z) as are used to calculate w(z), it is important to use a small frictional coefficient or to use a thermostat that does not have a large effect on diffusivity (e.g., Nose− Hoover or Lowe−Andersen).
Effect of Restraint Spring Constant on Calculated Diffusivity. Several factors affect the choice of the spring 
Article constant of the harmonic restraint potential on the solute in the simulations for the GLE diffusivity calculations. The assumption underlying these GLE-based methods is that the dynamics of the solute can be described as a harmonic oscillator in a dissipative bath. 46 In heterogeneous environments such as a lipid bilayer, the underlying free energy surface can be rough, so the harmonic restraining force should be considerably stronger than these "bath" forces. Likewise, to calculate a diffusion coefficient at an arbitrary point along this coordinate, the restraining force must be sufficiently large so that the average position along the coordinate is close to the reference position (e.g., ⟨z⟩ i ≈ z 0,i ).
To test for systematic errors that could result from the choice of the spring constants, simulations were performed to calculate the self-diffusivity of water using the GLE-based methods with spring constants ranging from 1 to 50 kcal mol
( Figure 5a ). The PACF method shows some variation with the spring constant, but there is no systematic trend, and all simulations performed with the various spring constants give a prediction in reasonable agreement with the diffusivity calculated using the Einstein relation. The VACF method varies more significantly with the spring constant. This can be understood by comparing the D(s) curves calculated with different spring constants (Figure 5b ). The spring constant affects both the variance of the simulation and the Laplace transform of the VACF of eq 3, causing D(s) to change with k. Although formally it should be possible to calculate D using eq 3 with any value of k, the need to extrapolate D(s) introduces a sensitivity to k. One measure of the reliability of the extrapolation can be assessed by the coefficient of determination for the linear fit. In these tests, r 2 > 0.99 was generally achieved when D was predicted accurately.
Transmembrane Diffusivity Profiles. To compare these methods for calculating the diffusivity of solutes permeating through a lipid bilayer, simulations were performed where a water molecule was restrained at positions that span the bilayer in the interval z = [−40, 40 Å] along the transmembrane axis. These profiles are presented in Figure 6 .
The PACF and VACF methods predict similar diffusion coefficients in solution (|z| > 35 Å), although the diffusivity calculated with the VACF method is unaffected until the solute is immersed in the headgroups, while the PACF method indicates a decline that begins in the solution above the bilayer. Inspection of the correlation functions in this interval show that the PACF has greater correlation in the 500−1000 fs range for the simulations near the bilayer interface, although this is not present in the VACF (see the Supporting Information). The statistical noise for the PACF is greater than for the VACF, even in solution, so the uncertainty of the PACF calculations are much larger in this regime. We note that diffusivity in the . Diffusion coefficients of a water molecule permeating through a DPPC lipid bilayer calculated using the PACF and VACF GLE methods. The upper panel shows the density contribution of the various membrane components in the bilayer. The VACF method predicts systematically higher rates of diffusion inside the bilayer. The profiles are symmetrized about the center of the bilayer. Error bars were calculated from the standard deviations of the three independent simulations. The diffusivity at the center of the bilayer calculated using the Einstein density method is indicated by the black line.
Article solution is anomalously high because the TIP3P water model overestimates the diffusivity of water. 47 There are more significant differences in the diffusivity inside the bilayer. The PACF method predicts diffusivities that are less than 1 × 10 −4 Å 2 /fs in the upper regions of the lipid tails (5 Å < |z| < 20 Å). Both methods predict relatively high diffusivities in the disordered region at the center of the bilayer (|z| < 5 Å), although the VACF method predicts higher diffusivities (4 × 10 −4 and 8 × 10 −4 Å 2 /fs, respectively). The diffusivity at the center of the bilayer can also be calculated by unrestrained molecular dynamics simulations, which provide a test that is independent of the GLE model. A series of unrestrained MD simulations was performed by restraining the solute to the center of the bilayer then releasing the restraint and saving the trajectory for a short interval (e.g., 5 ps). Because w(z) of a permeating water molecule is essentially flat at the center of the bilayer, 9,24 the dynamics of the solute can be described as being Brownian. The Einstein relation for probabilities relates the standard deviation of the density distribution at time t to the diffusion coefficient:
From the standard deviation of 2500 trajectories initiated from the center of the bilayer, the diffusion coefficient is estimated to be 6.9 × 10 −4 Å 2 /fs ( Figure 7 ). This indicates that the diffusivity inside the bilayer is overestimated by the VACF method but is considerably higher than that predicted by the PACF method. This is consistent with estimates by Comer et. al. 48 Experimental electron paramagnetic resonance (EPR) studies of NO permeation through a lipid bilayer also indicate that the diffusivity of a smallmolecule solute is elevated in the interior of a bilayer.
Slow Decay of the PACF. One potential cause for the difference between the PACF and VACF diffusion profiles is apparent in the correlation functions used to calculate the diffusivities. Lee et al. showed that the PACF of a solute restrained inside a lipid bilayer with a harmonic potential can decay far slower than those in bulk liquids. 8 In some cases, the PACF can have a significantly nonzero value even after 5 ps. Formally, the denominator of eq 4 should be integrated until C z (t) converges to zero, although in practice, it is typically only computed for some predefined interval. This causes the calculated diffusion coefficient to become sensitive to the bounds chosen for the integration. The diffusion coefficients calculated using eq 4 can decline to very low values (i.e., D < 1 × 10 −4 Å 2 /fs) at bilayer depths where the PACF decays slowly.
This slow decay is apparent in the PACFs of a water molecule restrained at different reference positions along the z-axis of a DPPC lipid bilayer system (Figure 8 ). When the solute is in the bulk liquid of water above the bilayer (z 0 = 40 Å), the PACF converges to zero in less than 1000 fs. The PACF holds a significant nonzero value when the solute is immersed in the bilayer. This effect is apparent in the simulation where the solute is at the center of the bilayer (z 0 = 0 Å) but is most severe when the solute is in the water−lipid interfacial region (z 0 = 15 Å).
The PACF indicates that there is a degree of correlation in the position of the solute after an elapsed time. In most bulk liquids, the frictional forces are sufficiently strong so that the position of the restrained solute is no longer correlated after 1−2 ps (i.e., its current position is independent of its previous). The long tails on the PACFs for simulations inside the bilayer, such as the z 0 = 0 and 15 Å plots in Figure 1 , indicate that the position of the solute can have significant correlations for much longer intervals than those in bulk liquids (e.g., z 0 = 40 Å).
These long time scale correlations are apparent in the time series of a simulation of a water molecule restrained inside the bilayer at z 0 = 10 Å (Figure 9) . Analysis of the time series shows fluctuations that can extend over 100 ps. These long time scale fluctuations can be attributed to slow rearrangements of the bilayer that hinder the oscillation of the solute and the changes in the hydration state of hydrogen-bonding solutes. The GLE methods rely on the description of the dynamics of the restrained solute as a harmonic oscillator in a frictional bath, so these inhomogeneities violate an assumption of the model. This type The VACF does not exhibit the same slow decay. The VACF converges to zero in less than 2000 fs for all reference positions, including the solution, interface, and bilayer center. In the lipid tail region (z 0 = 0 Å), the PACF decays to only 10% of its initial value after 4 ps, while the VACF decays to a value near 0 after only 500 fs. Physically, the VACF does not show long-term correlations because even if a long time scale fluctuation occurs in the position of the solute, the oscillations in the velocity of the solute are not strongly affected. This is apparent in the lower panel of Figure 9 , which shows the velocity time series of the same simulation. This suggests that the VACF-based method to calculate D(z) could resolve the issues related to the slow decay that affect the PACF-based method.
The long time scale decay in the PACF and large standard deviations of the diffusivities calculated using both of these GLE methods reflect the heterogeneity of the environment of a solute inside the bilayer. Previous simulation studies have demonstrated that the permeation of large or charged solutes can induce large deformations in the bilayer. 12,49,51−53 The solubility−diffusion model describes permeation as a flux along z, so the bilayer environment is assumed to be largely homogeneous at a given depth. The canonical solubility− diffusion model is generally invalid when permeation involves a large deformation of the bilayer or the partial hydration of the solute inside the membrane. In these situations, the solute will experience a range of dynamical environments at a given depth, and the deformation and hydration processes are likely to occur on a slower time scale than the flux along the z-axis. Enhanced sampling methods have been developed to ensure that orthogonal degrees of freedom are correctly sampled when calculating the potential of mean force along z, 50,54 although a rigorous model for the calculation of permeability coefficients will also require including the effects of these additional degrees of freedom on the dynamics of permeation. Some progress toward this has already been made by Parisio et al. 55 and Comer et al., 17 who presented strategies for including the effect of solute orientation in the calculation of permeability.
A subsequent paper by Comer et al. noted that the calculated diffusivity of a water molecule at the center of a POPC bilayer was sensitive to the time delay of their Bayesian analyses method. 48 They attributed this to solute experiencing multiple kinetic regimes at a given position in the bilayer. The possibility of multiple kinetic regimes is not considered in the solubility− diffusion model, so a revised model for permeation would need to be developed to comprehensively address these issues. Nevertheless, the solubility−diffusion model combined with GLE methods for calculating diffusivity is a simple and computationally tractable method that is able to predict permeabilities with reasonable accuracy with respect to that achieved experimentally. 8, 24 ■ CONCLUSIONS Two methods based on the generalized Langevin equation were examined for their utility in calculating transmembrane diffusivity profiles. The first method uses the PACF of a solute harmonically restrained at a chosen bilayer depth, while the second method uses the VACF of the solute. The VACF method requires that the diffusivity be extrapolated from an equation involving the Laplace transform of the VACF, so an algorithm was developed to calculate solute diffusivity automatically using this method.
These methods were tested by calculating the diffusivity of solutes in bulk liquids. The VACF method predicted diffusivities that were in closer agreement with the reference Einstein relation than those from the PACF method and had a smaller standard error. The PACF method was also more sensitive to the use of a stochastic thermostat, so this method should be used only with thermostats that have a small effect on transport properties. On the other hand, the PACF method was less sensitive to the spring constant chosen for the harmonic restraining force. Generally, the VACF method should be used cautiously, and checks should be performed to ensure the extrapolation technique is accurate for a given simulation.
The calculation of a well-defined value for D(z) for the permeation of a solute across a membrane is inherently challenging due to the complex dynamics of the bilayer. The methods predicted significantly different diffusivity profiles for a water molecule permeating a DPPC lipid bilayer. When the solute is immersed in the bilayer, the PACF can decay slowly due to long time scale fluctuations. This spuriously lowers the calculated diffusion coefficients, particularly at the lipid−water interface and the upper regions of the lipid tails. In contrast, the VACF decays quickly at all bilayer depths, so it is not affected by these long time scale fluctuations. The intramembrane diffusion coefficients calculated using the VACF method are systematically higher than those calculated using the PACF method. A comparison of the diffusion rate at the center of the bilayer calculated using the distribution of displacements from unrestrained simulations found that the VACF method overestimates the diffusivity by roughly 15%, but the PACF method underestimates the diffusivity by roughly 50%. These GLE methods should be used cautiously when calculating transmembrane diffusivity profiles, and there are opportunities for further development and application of new methods that resolve these issues.
15−18 
D(S) FROM THE GLE
The generalized Langevin equation (GLE) for the motion of a one-dimensional harmonic oscillator in a frictional bath along the z-axis is
This equation can be immediately simplified in two ways: (i) the product of the random force and initial velocity will average to zero (i.e., ⟨R(t)z(0)⟩ = 0) and (ii) the VACF is defined as C v (t) = ⟨z(0)z(t)⟩; thus, eq 12 becomes
The Laplace transform of this equation gives
Taking advantage of some Laplace transform identities, this equation simplifies to
wherê= C C { } v v . Rearranging this equation to solve for ζ, we arrive at
We can then take the reciprocal of the above expression and multiply by k B T:
The diffusion coefficient of the solute, D, can be related to ζ using the Stokes−Einstein equation, = ζ D k T B , and taking the limit as s approaches 0: 
The singularity at s = 0 requires that the value of D(s = 0) be extrapolated numerically from an interval of the equation that is well-behaved. This interval lies between the second and third singularities of D(s), denoted s 1 and s 2 .
To identify the locations of s 1 and s 2 , the roots of the denominator of eq 3 are found numerically. This process is illustrated in Figure 10 . The method first finds the location of the minimum of the denominator, s min,denom , using Brent's method.
57 s 1 and s 2 are located numerically using Tom's 748 method 58 The direct linear extrapolation of D(s = 0) from a line tangent to the position of minimum curvature is very sensitive to numerical error. To improve the numerical stability of the extrapolation, a segment with low curvature is extended around the point of minimum curvature. This segment of the curve is fit to a linear equation using least-squares regression analysis. 
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